The paper deals with the existence and nonexistence of nontrivial nonnegative solutions for the sublinear quasilinear system
Introduction
In this paper we consider the existence and nonexistence of nontrivial nonnegative solutions for the quasilinear elliptic system Problem (1.4) has received extensive investigations in the past several decades, see, e.g., [1, 2, 7] and references therein. Lions [7] discussed, under various combinations of superlinearity or sublinearity of f at infinity, f (0) = 0 and f (0) > 0, the existence and nonexistence of positive solutions of (1.2). The results of [7] are also interpreted in terms of bifurcation diagrams. Recently, Hai and Shivaji [3] [4] [5] studied elliptic systems related to (1.1) and proved the existence of positive solutions to (1.1) in some sublinear cases. The results in [4, 5] do not impose any sign conditions on the nonlinearities at zero. A necessary and sufficient condition for the existence of positive solutions for a class of sublinear quasilinear system was obtained in [3] . The main approach in [3] is based on the Schauder Fixed-Point Theorem and maximum principles. In several papers [9] [10] [11] , Wang studied the number of nontrivial radial solutions of (1.1) on an annular domain and ball. For ODE case (N = 1) and annular domains, it was shown in [9] and other papers that the existence, multiplicity and nonexistence of positive solutions of (1.1) can be determined by appropriate combinations of superlinearity and sublinearity of f(u) at zero and infinity. When the domain is a ball, Wang [10, 11] showed (1.1) has a nontrivial nonnegative solution for sublinear cases in a ball.
In this paper we shall study (1.1) in general domains. We shall show that (1.1) has at least one nontrivial nonnegative solution under sublinear assumptions. We also provide a nonexistence result. Our proofs make use of the Schauder Fixed-Point Theorem and weak comparison principles. Variational methods have been frequently used for Hamiltonian systems and gradient systems. However, there is apparently no possibility of using variational methods for the n-dimensional quasilinear elliptic system (1.1), and one has to use topological methods.
We now turn to the general assumptions for this paper.
We make the following assumptions:
A u t h o r ' s p e r s o n a l c o p y
The main results of this paper are Theorems 1.1-1.3. 
The following assumption will allow us to establish a nonexistence theorem:
Theorem 1.3. Assume (H1) and (H4) hold. Then there is λ 0 > 0 such that (1.1) has no nontrivial solution for 0 < λ < λ 0 .
We now give three examples to demonstrate these three theorems.
where p > 1, f i are any nonnegative continuous functions. Then (1.5) has a nontrivial solution for sufficient small λ > 0 according to Theorem 1.1. 
Example 2.
where p > 1. Then (1.7) has no nonnegative nontrivial solution for all sufficient small λ > 0 according to Theorem 1.3.
Preliminaries
We recall some basic results for the p-Laplacian. We refer to λ 1 > 0 as the first eigenvalue and φ 1 as the principal eigenfunction of the p-Laplacian on Ω, i.e.,
It is known that φ 1 belongs to C 1+α (Ω) for some 0 < α < 1 and has one sign and we assume that φ 1 > 0 in Ω. Lemma 2.1. Let φ ∈ C 1 (Ω) be the solution of 
Proof of Theorem 1.1
Let E be the Banach space
Then A λ : E → E is well defined, completely continuously, and fixed points of A λ are solutions of (1.1) (see, e.g., [2, 6] ). Since we have
Let λ 0 = 
A u t h o r ' s p e r s o n a l c o p y
In view of Lemma A.1 in Appendix A, condition (H2) implies
Therefore, for each 0 < λ < λ 0 , there exists a positive 1 < δ such that
It is easy to verify that K is a closed, bounded, convex subset of E. We claim that
First, by the maximum principle [8] , u i 0 in Ω, i = 1, . . . , n. On the other hand, since v i ∞ δ, i = 1, . . . , n, we have
which implies, by the comparison principle [8] , that
Finally, in view of the definition of f min i 0 , we have
By the choice of , for each 0 < λ < λ 0 , we have
Again the comparison principle [8] implies that
Hence, (u 1 , . . . , u n ) ∈ K and A λ : K → K. By the Schauder Fixed-Point Theorem, A λ has a fixed point in K, which is the desired nontrivial solution of (1.1).
Proof of Theorem 1.2
Let E and A λ be defined as in the proof of Theorem 1.1.
In view of Lemma A.2 in Appendix A, the fact that Appl. 330 (2007) 186-194 191 We can choose a sufficient large δ > 0 so that
where σ > 0 satisfying
With this δ, we define a function f min
It is easy to see that there exists a positive 1 < δ such that
First, by the maximum principle [8] , u i 0 in Ω, i = 1, . . . , n. On the other hand, since v i ∞ δ, i = 1, . . . , n, we have, for i = 1, . . . , n,
Finally, in view of the definition of f min i 0 and the choice of , 1 , we have
Proof of Theorem 1.3
It follows from (H1) and (H4) that there exists a constant C > 0 such that Hence, by the comparison principle, we have
where α = (λ 0 C)
which is a contradiction since nα < 1.
